R. Bruner
Math 2030, Winter 2011, Final Exam
April 29, 2011

Each problem is worth 10 points unless otherwise indicated.

1. (5) Draw the diagram which shows the relation between (z,y) and (r,6). Write the
formulas for x and y in terms of r and 6, for dA = dx dy in terms of r and 6, and for
dV = dz dydz in terms of r, § and z.

2. (5) Draw the diagram which shows the relation between (r,z) and (p,¢). Write the
formulas for r and z in terms of p and ¢, for dA = dr dz in terms of p and ¢, and for

dV = dzx dy dz in terms of p, ¢, and 6.

3. Decompose (6,3, 0) as the sum of a vector parallel to (2,2, 1) and a vector perpendicular
to (2,2,1).

4. Find the point of 2x — y + z = 20 closest to the point (1,1,1).
5. (20) Let 7 (t) = (83,12 +1).
(a) Find the velocity v = 7.
(b) Find the speed at time ¢ = 1.
(¢) Find the tangent line to 7 (¢) at t = 1.
(d) Find the acceleration @ = 7.
)

e) Decompose E)(l) into tangential and normal components.

(

(f) Compute the curvature s at that point.
6. Find all first and second partial derivatives of x%ye?.
7. Find the tangent plane to the surface z = xy? — 23y at the point (z,y) = (1,2).
8. (15) Let f(x,y,2) = 2%y + y*z + 2*x.

)
(a) In which direction does f increase most rapidly at the point (z,y,z) = (1,1,1)?
(b) What is the tangent plane to the level surface of f at (1,1,1)?
)

(¢) Compute 0z/0x and 0z/dy if z is determined by this level surface, i.e., by the
condition %y + y*z + 2z = 3.
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(20) Let L; be the line Ly(t) = (0,1,0) + #(1,0,1) and let Ly be the line Lso(s) =
(3,0,0) + 5(0,1,1) in R?. Find the minimum distance between them, and the points
on them closest to one another by:

(a) using vector methods.

(b) minimizing an appropriate function of two variables.

(Hint: If you do not get the same answer by these two methods, it is probably best to
finish the rest of the test before trying to find your error.)

(20) Let B be the region above the zy-plane (z = 0) and below the paraboloid z =
4—7r2=4— 2% %
(a) Find the volume of B.

(b) Find the centroid of B. (Hint: you may use symmetry to note that the x and y
coordinates are obvious, but don’t forget to say what they are.)

(c) Let S be the boundary of B. If F = zk = (0,0, z), compute the surface integral
[JsF -ndS. (You may do this directly or use the divergence theorem.) (Hint:
note that z = 0 on the bottom disk in §.

Let R be the region below y = 4 — 22 in the first quadrant. Find the moment of inertia
of R about the y-axis.

Find and classify the critical points of f(x,y) = 2%y +y* + 2% + y.

Find the absolute maximum and minimum value of zy — 2 on the region above y = 22
and below y = 4.

Compute [, #*ydy where C' is the parabola y = 2%, 0 <z < 3.

Compute [, f - dF where f(z,y) = 22 —y* and C' is a curve which starts at (2,1)
and ends at (1,5).

Let C; and Cy be circles of radius 1 centered at (1,0) and (—1,0) respectively. Let
C5 be the circle of radius 10 centered at the origin and let R be the region inside
C3 and outside both C} and Cy. If Q, — P, = 1 in R, fCl Pdx + Qdy = 8, and
fc2 Pdx + Q) dy = 10, what is f03 Pdx + Qdy?

Let & be the part of the surface z = 2x + by + 7 which lies above the rec_t>angle
—1 <2 <2,0 <y < 2. Find the surface area of S and the surface integral ffs 2 k ~d§.

The End




